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The event horizon of a black hole in general relativity absorbs all infalling radiation. Any obser-
vation of the contrary would immediately challenge the expectation that astrophysical black holes
are described by the vacuum Kerr geometry. If a putative black hole does reflect part of the in-
going radiation, its quasi-normal mode structure is drastically altered. Low frequency modes can
be introduced that are resonantly excited during the inspiral of a binary system. We study the
resulting phase shift of the gravitational wave signal. Building on neutron star results, we obtain a
model-independent expression for the phase shift that depends only on quasinormal modes and Love
numbers of the compact object. We find that the phase shift is detectable with Einstein Telescope,
but by far cannot explore the Planck scale.
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I INTRODUCTION AND SUMMARY
A fundamental question of present-day research con-
cerns the nature of astrophysical black holes: are they
truly described by the Kerr family of General Rela-
tivity? The ever-increasing precision of gravitational
wave experiments is a sensitive probe that offers insight
into this question. A rich phenomenology has sprouted
in recent years on horizonless compact objects, which
have some structure close to the would-be event hori-
zon, and can serve as testable alternatives to the Kerr
paradigm. Many of the models for such exotic compact
objects (ECO) are directly inspired or even predicted by
fundamental physics models that describe new physics
near black holes, ranging from dark matter to quantum
gravity [1–14]. Exploring their gravitational wave signa-
tures transforms compact merger events into fundamen-
tal physics laboratories.
A main theme in this exploration is to find model-
independent gravitational wave (GW) observables that
can distinguish a dark compact object from a black hole.
Two key sets of observable that have been studied re-
cently are GW echoes following the merger and tidal ef-
fects during inspiral. GW echoes [15–24] arise when the
ECO reflects part of the incoming gravitational radia-
tion: the interaction between the ECO and its light ring
behaves as a resonant cavity inducing a particular set
of trapped quasi-normal modes (QNM) of significantly
lower frequency than the standard black hole QNMs.
Potentially observable with LIGO/Virgo, the data anal-
ysis hunt is on, with no conclusive evidence up to date
[24–32]. Adiabatic tidal interactions on the other hand
can lead to deformability and heating effects which typ-
ically appear in the GW signal as highly suppressed cor-
rections during most of the inspiral. Those effects are in
principle detectable with 3G detectors [33–48].
The same physical mechanism underlying GW echoes
offers the possibility for another effect in the inspiral
phase: low frequency QNMs can be excited by the driv-
ing of the companion. At resonance, tidal effects sud-
denly become more dominant. This gives two poten-
tially observable effects. First, sharp peaks in the emit-
ted gravitational wave power are to be expected when
the orbital frequency matches the resonant frequency
of an internal oscillation mode of the object. This ef-
fectively leads to a high frequency ‘glitch’ in the ob-
served signal which is most likely inaccessible to current
or planned detectors [39]. Second, the significant en-
hancement of energy in an internal mode causes a phase
difference in the GW signal. This kind of resonance phe-
nomenon has already been discussed at length in the con-
text of neutron stars (NS) [40, 49–51] and white dwarfs
[52], and numerically for particular ECO models such as
gravastars and boson stars [16, 17, 33, 38, 53]. A recent
model-independent data analysis for the phase shift due
to inspiral resonances showed no deviation from GR in
second-generation GW observations yet [54]. However,
a detailed treatment for the form and expected size of
the phase shift for generic compact objects is currently
not available.
In this paper, we investigate specifically the perspec-
tives for detection of the phase shift induced by a reso-
nant excitation of the heaviest object in a binary merger.
By extrapolating known results for neutron stars, we
write down the phase shift in terms of QNMs and Love
numbers of the ECO. We determine the prospects for de-
tection of those modes using ground-based GW detectors
using a Fisher analysis. Although our setup is more gen-
erally valid, we do this analysis for the simplest model of
a reflecting surface at coordinate radius r0 = 2m1(1 + )
where m1 is the ECO mass. We find that with current
detector capacity observation of the phase shift of our
3model is ruled out. With third generation GW obser-
vatories, things look better. We focus on Einstein tele-
scope and find that the phase shift becomes detectable
for mass ratios smaller than q . 10−1, and  . 10−20,
corresponding to a proper distance away from the hori-
zon of many orders of magnitude above Planck scale.
The phase shift at leading order in  scales with the in-
verse of the mass ratio, suggesting better prospects for
extreme mass ratio inspirals (EMRI) with LISA. How-
ever, our approximations do not extend to that setup
and we defer a proper EMRI study to future work. Along
the way, we also discuss how the resonance can be writ-
ten in an effective theory as is done for GW echoes. We
explore the post-Newtonian structure of this approach
and, thereby, clarify how the dynamic tidal deformabil-
ity induces a difference in gravitational wave emission
between an ECO and a black hole at resonance.
The rest of the paper discusses our main points as
follows. In section II, we discuss the inspiral of a fea-
tureless point particle into a compact object. After a
quick review of the linear response to the tidal field of
the companion, we model the ECO as a point parti-
cle dressed with multipolar deformation degrees of free-
dom. Such a description is applicable irrespective of the
details the object and has been developed and applied
previously for stellar objects [55]. Following this previ-
ous literature we derive the phase shift as consequence of
a resonance in the GW signal by estimating the orbital
energy that leaks into a specific mode of oscillation. For
neutron stars, this driving is known to be related to the
overlap integrals that describe the internal structure of
the object [42, 56]. By assuming only the fundamen-
tal mode contributes, we express the overlap integrals in
terms of the Love numbers to arrive at a largely model-
independent estimate of the phase shift, see equation
(II.18) below.
In section III, we discuss the essential difference with
stellar objects in the form of the tidal response func-
tion. This requires input depending on the nature of
the object itself. We give a near-zone analysis of the
object, closely following the discussion in [21] developed
for GW echoes, and characterize an ECO by its bound-
ary conditions that replace the purely absorbing black
hole horizon. We show how, in a low frequency limit,
the transfer function K(ω) of [21] is proportional to the
linear response function F (ω) of the effective theory of
quadrupole deformations, elucidating the relation to the
high-frequency glitch described in [39] and tidal effects
in the post-Newtonian expansion. For calculational rea-
sons, we focus on the EMRI limit in this section.
In section IV, we first discuss the basic conditions that
have to be satisfied for a resonance to be seen in a grav-
itational wave signal, including relation to mass and de-
tails of central object and ECO. We restrict to a simple
model and qualitatively observe that such a detection is
possible in principle. We then perform a Fisher analysis
and find that the resulting phase shift could indeed be
seen by the Einstein Telescope.
We conclude in section V that, even though our results
are only a first order of magnitude estimate, they serve
as a good indication that a more detailed analysis is
worthwhile. Appendix B and A contain technical details
relevant to sections II and III respectively.
II HARMONIC OSCILLATOR MODEL OF A
COMPACT OBJECT
We first give a quick recap of the phase shift derived
using the Newtonian approximation [42, 50, 51] and the
harmonic oscillator model used to describe the linear
response of stellar objects subject to a tidal field [56–
58]. We end with expressing the phase shift in terms of
the GR Love numbers and mode frequencies.
The reader interested in the results can jump to sec-
tion IIC.
A. Phase shift in the Newtonian
approximation
We consider two masses m1 and m2 with mass ra-
tio q = m2/m1. In the early inspiral, the motion is
dominated by the point-particle motion at the leading
(post-)Newtonion order. On the additional assumption
of quasi-circular orbits, it is described by the relative
separation of the masses, r(t), and the orbital phase,
4φ(t):
r(t) =
4
53/2
(5Mc)5/4
µ1/2
|tc − t|1/4, (II.1a)
φ(t) = φc −
(
tc − t
5Mc
)5/8
, (II.1b)
in which tc(φc) is the time (phase) of coalescence (de-
termined by the initial conditions of the binary),Mc is
the chirp mass and µ the reduced mass given by
Mc = (m1m2)
3
5
(m1 +m2)
1
5
, µ =
m1m2
m1 +m2
. (II.2)
Now consider m1 to be an ECO that can be equipped
with additional internal degrees of freedom.1 A resonant
excitation of such an internal degree of freedom during
the inspiral effectively causes a phase shift in the gravi-
tational wave signal; the GW phase Φ(t) away from the
resonance regime is given by [42]
Φ(t) =

Φpp(t) if t− t0  −∆t
Φpp(t) +
(
φ˙(t)
φ˙R
− 1
)
∆Φ if t− t0  ∆t,
(II.3)
where ∆t estimates the duration of resonance, φ˙R is the
angular velocity of the binary evaluated at resonance
t = t0 and Φpp(t) is the GW phase as predicted for a
point-particle. Our order-of-magnitude estimate for the
phase shift ∆Φ is
∆Φ ≈ 2φ˙∆En`m
E˙GW
∣∣∣∣
t=t0
, (II.4)
in which E˙GW = 32/5 (Mcφ˙)10/3 is the ‘Newtonian’
gravitational wave luminosity and ∆En`m denotes the
orbital energy loss in a particular, resonantly excited,
(n, `,m)-multipole mode. The second factor is the time
scale associated to the energy loss ∆En`m during normal
GW emission hence ∆Φ estimates the shift in GW phase
when passing through a resonance epoch. We will ob-
tain the energy loss ∆En`m from a linearized harmonic
1 The companion m2 is still modeled as a featureless point parti-
cle; it might be a black hole or any other compact object whose
internal structure is ignored.
oscillation model put forward in [56] on assuming the no
back-reaction approximation (the orbital motion of the
companion is a constant supply of energy without the
mode oscillations influencing the orbit).
B. Oscillating stars
Chakrabarti et al. [56] have shown how to incorpo-
rate multipolar degrees of freedom on the worldline of a
point particle to describe a generically deformed object
in the Newtonian regime2. Fundamental quantities are
the deformation amplitudes cn`m(t) of a specific normal
mode of oscillation and the (quasi) normal modes of the
central object ωn`. Note that the QNMs do not carry an
m-index because of assumed spherical symmetry of the
ECO. In the regime of linear response, these amplitudes
are described by a driven, damped harmonic oscillator
c¨n`m + 2γn`c˙n`m + ω
2
n`cn`m = fn`m, (II.5)
where a dot denotes a time derivative and with ωn` the
frequency of oscillation γn` and damping coefficients;
they are related to the quasi-normal frequencies ωQNMn`
of the central object as
γn` ≡ −Im ωQNMn` , (II.6a)
ω2n` ≡
(
Re ωQNMn`
)2
+
(
Im ωQNMn`
)2
. (II.6b)
The driving term fn`m describes how the internal de-
grees of freedom of the central object couple to the exter-
nal tidal field of the companion [56]. The precise relation
is most easily written in a symmetric trace-free (STF)
tensor basis fn`m → fˆnK` where K` is a multi-index
K` = k1k2 . . . k` and the hat denotes STF projection.
The driving term is given by
fˆnK` = −
In`
`!
∂ˆK`Φ(r). (II.7)
In this expression, In` is the overlap integral encoding
equation of state information of the central object and
2 Remark that this will naturally restrict us to tidal effects of
electric type.
5Φ(r) is the Newtonian gravitational potential of the com-
panion evaluated at its position r = r(t), in particular
Φ(r) = − m2|r(t)| . (II.8)
We will focus only on quasi-circular orbits in the equa-
torial plane. This simplifies the driving term to the split
form
fn`m = Fn`m(t)e
−imφ(t), (II.9a)
where the amplitude is given by
Fn`m(t) = N`m m2|In`|
[r(t)]`+1
(II.9b)
and where r(t) and φ(t) are given in (II.1) and N`m is a
numerical prefactor
N`m = (−1)
`2m−1
Γ
(−`−m+1
2
)
Γ
(
`−m
2 + 1
)
×
√
8pi(2`− 1)!!
2`!
Γ(`−m+ 1)
Γ(`+m+ 1)
.
(II.9c)
Note that we take the modulus of the overlap integral
when compared to (II.7). Any phase corresponding to
In` can be absorbed in the definition of the orbital phase
(II.1b).
When a solution to the oscillator equation (II.5) is
obtained, the energy stored in the (n, `,m)-mode can be
obtained in the standard fashion from the solution of
(II.5) as follows
En`m(t) =
1
2
(Re c˙n`m(t))
2
+
ω2n`
2
(Re cn`m(t))
2
. (II.10)
The energy in the modes after passing through a reso-
nance can be approximated by [50, 52]
En`m(t) ≈ ∆En`me−2γn`(t−t0)θ (t− (t0 + ∆t)) , (II.11)
where
∆En`m =
piF 2n`m,R
4|m|φ¨R
. (II.12)
Note that ∆En`m gives the total amount of energy trans-
ferred from the orbit to the mode while En`m(t) is the
present amount of energy in the mode (that is, the total
amount minus the amount which is dissipated by inter-
nal friction or gravitational wave emission). Using this
result (II.12) for the phase shift estimate (II.4) yields
∆Φ =
25piN 2`m
6144|m| 13 (4`−11)m
− 23 `− 113
1 ω
4
3 `− 143
n` |In`|2, (II.13)
This expression depends on the overlap integrals and
hence on the internal structure and mass distribution of
the central object m1.
C. From stars to compact objects
To make contact to ECOs, we express the overlap in-
tegrals in (II.13) in terms of the Love numbers using the
effective theory of tidal deformations. To this extend,
we will restrict to fundamental n = 1 modes3 and omit
the subscript n henceforth.
For quadrupolar deformations in GR, one can con-
struct an effective action for a dynamical quadrupole
degree of freedom Qab on the wordline of a point par-
ticle (in our case: the ECO). The linear response to an
external tidal field is given through the following cou-
pling with the electric component of the Weyl tensor
Eab
Q˜ab = −1
2
F˜ (ω)Eab, (II.14)
where the linear response function F˜ (ω) determines the
strength of the tidal interaction and depends on the
properties of the compact object.
In the low-frequency regime, the Taylor expansion of
F˜ (ω) gives the tidal constants:
F˜ (ω) = µ2 + iλω + 2µ
′
2ω
2 + . . . (II.15)
with µ2 =
2m51
3 k2 for the relativistic quadrupolar dimen-
sionless tidal Love number k2, λ related to absorption
and µ′2 parametrizing tidal response beyond the adia-
batic limit [57]. Note that we use the convention for the
3 We choose the convention n = 1 for the fundamental mode
as it is convenient to describe the trapped QNM’s in (IV.2).
However, this means a shift is required in the comparison with
the traditional n = 0 choice for stellar oscillations.
6Love numbers k` of [33] which relates to a more con-
ventional definition kalt` [44, 59] by kl = (
R1
m1
)2`+1kalt`
with R1 the radius of the object. Near resonance, the
response function has a pole structure,
F˜ (ω) ≈
∑
n
I2n`
ω2n` − ω2
, (II.16)
with ωn` the resonant frequencies. As indicated, the
residues are related to the overlap integrals. By equation
(II.15) and (II.16), we can then immediately relate Love
number and overlap integral.
For generic multipoles, we use the Newtonian limit
of [56]. In appendix B, we list those results and repeat
the above reasoning. The main assumption made is that
overlap integrals for fundamental modes dominate above
their overtones; hence we truncate to n = 1. The overlap
integral is given as:
I21` =
2`!
(2`− 1)!!ω
2
1`m
2`+1
1 k`, (II.17)
with k` the electric mutipolar Love numbers. The phase
shift (II.13) becomes
∆Φ = C`m(m1ω`) 43 (`−2) |k`|
q(1 + q)
1
3 (2`−1)
, (II.18a)
where the numerical prefactor C`m is given by
C`m = 25pi
6144|m| 13 (4`−11)
2`!
(2`− 1)!!N
2
`m. (II.18b)
The numerical factor N`m is given in equation (II.9c).
We have made the assumption that the same relations
as for Newtonian stars holds for ECO’s. However, the
tidal behaviour of ECOs is counterintuitive compared to
normal Newtonian fluid objects, in particular the Love
numbers for very compact objects can actually become
negative (see eq. (IV.3) below). Therefore we work with
the square of the overlap integral and take the modulus
in (II.18a) to have the correct physical sign of the phase
shift. It would be interesting to perform an independent
check of the complex nature of the overlap integrals for
ECOs by evaluating the residues in the response function
F˜ (ω) explicitly (II.16).
III RESONANCES OF EXOTIC COMPACT
OBJECTS
For simplicity, we keep the discussion focused on a
non-rotating ECO. Section IIIA reviews relevant ele-
ments of previous work, mainly [21], while introduc-
ing our notation. It also stresses the natural relation
between echoes and low frequency resonances. Sub-
sequently, in section III B, we make a connection be-
tween that approach and the effective harmonic oscil-
lator model presented in section II. That relation is
elegantly summarized, in the low frequency limit, by
(III.21). Finally, in III C, we exhibit the enhanced grav-
itational wave flux that was also discussed in [39] as well
as indicate how it suggests a resummation of the post-
Newtonian expansion with dynamical tides.
A. Perturbing an ECO
Gravitational perturbations around a non-rotating
black hole background are governed by the Regge-
Wheeler (RW) equation [60],
d2X`m
dr2∗
+ (ω2 − V (r))X`m = T`m(ω, r), (III.1)
with
V (r) =
r(r − 2m1)
r4
(
`(`+ 1)− 6m1
r
)
, (III.2)
and the tortoise coordinate r∗ = r + 2m1 log ( r2m1 − 1).
We will denote the radial coordinate of the horizon as
r+ = 2m1. For the moment, consider the homogeneous
equation (III.1). Two independent solutions are given
asymptotically by
X in`m ∼
{
e−iωr∗ , r → r+
Aouteiωr∗ +Aine−iωr∗ , r →∞ (III.3a)
Xup`m ∼
{
Bine−iωr∗ +Bouteiωr∗ , r → r+
eiωr∗ , r →∞ . (III.3b)
These solutions have the right boundary conditions
for a black hole respectively at the horizon and asymp-
totically. However, for a compact object distinct from
7a black hole, (III.1) is only valid up until a particular
r0 > 2m1 and one must impose an alternative bound-
ary condition. We will denote the homogeneous solution
satisfying this boundary condition Xreg`m . To go from the
black hole to the exotic compact object then essentially
amounts to replacing X in`m with X
reg
`m . Since for generic
frequencies X in`m and X
up
`m are independent, one can gen-
erally express Xreg`m as a linear combination of both. As
by assumption r0 is close to r+, we will follow the nota-
tion of [21] and characterize this homogeneous solution
with the correct boundary conditions at the ECO as
Xreg`m ∝ e−iω(r
∗−r∗0 ) +R(ω)eiω(r∗−r∗0 ), (III.4)
with R(ω) an arbitrary function of the frequency and
the mode numbers (`,m). For instance, the specific re-
flectivity of R = −1 was discussed in [39]. Note that,
despite the apparent remaining freedom, this is a strong
reduction of the possible boundary conditions as in gen-
eral they could be nonlinear functions of all other modes
X`m.
Given an understanding of the compact object, one
can exactly determine what the boundary condition ex-
pressed through (III.4) should be by imposing appropri-
ate regularity conditions inside the object and matching
this to our exterior description as in the examples of
neutron stars [41], gravastars [38] or boson stars [53].
Alternatively, one could encode this information by con-
tinuing r beyond r0 but with an alternative potential
which effectively captures certain interesting features as
in [61]. We will keep the discussion general on the level
of this boundary condition following [21].
Consider (III.1) in the presence of a source T`m. Given
such a source term, one can solve (III.1) with variation
of parameters using the homogeneous solutions with the
appropriate boundary conditions. For a black hole this
gives
XBH`m =
1
W`mω
(
Xup`m
∫ r∗
r+
dr′∗X
in
`mT`m
+X in`m
∫ ∞
r∗
dr′∗X
up
`mT`m
)
,
(III.5a)
with the wronskian
WBH`mω = (X
in
`m
dXup`m
dr∗
−Xup`m
dX in`m
dr∗
). (III.5b)
Instead, for the ECO, using the same procedure in com-
bination with (III.4) one finds
X`m = X
BH
`m +
K
WBH
Xup`m
∫ ∞
−∞
dr′∗X
up
`mT`m,(III.6)
with
K ≡ TBHRe
−2iωr∗0
1−RBHRe−2iωr∗0 , (III.7)
and with the black hole reflection and transmission am-
plitudes
RBH = Bin
Bout
, TBH = 1
Bout
. (III.8)
An observer measuring gravitational waves at r → ∞
would see the black hole as
XBH`m (r →∞) ∼ Z∞BHeiωr∗ , (III.9)
with
Z∞BH =
1
WBH
∫ ∞
−∞
dr′∗X
in
`mT`m. (III.10)
On the other hand, for the exotic compact object we
have
X`m(r →∞) ∼ (Z∞BH +KZHBH)eiωr∗ , (III.11)
with
ZHBH =
1
WBH
∫ ∞
−∞
dr′∗X
up
`mT`m. (III.12)
Two crucial remarks can be made using the structure
of (III.7) [21]. The first is that from the expansion
K = TBHRe−2iωr∗0
∞∑
n=0
(RBHR)n−1e−2i(n−1)ωr∗0 ,
(III.13)
an observer sees an initial perturbation of the ECO de-
caying as a black hole ringdown followed by a series
of echoes spaced by a time interval 2|r∗0 |. Secondly,
there are a set of QNMs associated to this character-
istic timescales arising from the poles in K, particularly
from
0 = 1−RBHRe−2iωr∗0 . (III.14)
8Therefore, one easily relates a specific set of resonant
modes in ECO and the phenomenology of echoes.
Echoes only truly emerge if r0 is sufficiently close to the
horizon or more precisely r∗0  3m1. This implies that
the characteristic frequency 12|r∗0 | is relatively low and
this is for our purpose the crucial difference with black
hole QNMs. Indeed, BH QNMs are in principle equally
susceptible to resonant excitation but this is of less
interest in a generic inspiral because the frequencies are
too high to be resonantly excited in that stage of the
binary evolution (see however the observation of [62, 63]
for highly eccentric inspirals). For the ECO discussed
here, on the other hand, the QNM frequencies can be
significantly lower such that the resonant frequencies
can occur during the inspiral.
B. Transfer to tidal response
The proper way to include the companion mass m2
to the previous description, would be to consider it as
a near-zone description of m1 and to impose bound-
ary conditions found by a matched asymptotic expan-
sion with an outer-zone4 containing m2. This outer-
zone in turn could for instance be described by a post-
Newtonian expansion [64]. Such a procedure carried out
in full, however, becomes cumbersome very quickly and
it is more convenient to instead use the near-zone to
match to an ‘intermediary’ effective action [58]. The
near-zone features of the ECO in this approach are en-
coded in the effective (linearized) dynamical tidal re-
sponse F˜ (ω) as in (II.14). This tidal response was re-
lated explicitly to the asymptotic form of Xreg`mω in a
2m1ω  1 expansion by [57]. These authors expressed
the near-zone perturbation equations of a compact ob-
ject5 in terms of the black hole perturbation equations
with an effective source based on the intermediary ef-
fective action by matching the two descriptions in the
4 Sometimes the outer-zone is called the near-zone (also orbital-
zone) while our near-zone is called the inner-zone (also body-
zone).
5 In particular neutron stars but the method is independent of
this.
IR. This gives the desired relation between Xreg`mω and
F˜ (ω). Concretely, using a particular basis XνN , X
−ν−1
N
of solutions to the homogeneous RW equation (III.1)
Xreg`mω ∝ XνN + (2m1ω)4a(ω)X−ν−1N , (III.15)
and, in a 2m1ω  1 expansion
3G
4m51
F˜ (ω) = −428
7
a(ω)− 56
107
+O((m1ω)2). (III.16)
This is equation (15)6 in [57]. Using the asymptotic
behavior
XνN → cos (ωr∗ + αν), r∗ →∞, (III.17)
for some constant αν , described explicitly in [57], and
comparing (III.15) with our previous expressions (III.3),
(III.4) and (III.7) we find that a is related to K by
K = (e
iαν −RBHe−iαν )
(e−iαν + (2m1ω)4ae−iα−ν−1)TBH
+
(2m1ω)
4a(eiα−ν−1 −RBHe−iα−ν−1)
(e−iαν + (2m1ω)4ae−iα−ν−1)TBH
(III.18)
It is important that we are assuming a hierarchy of
scales in which, even though m1ω  1, the orbital fre-
quency is potentially of similar order as the resonant
mode ω ∼ ωQNMn` . In particular, it would not be appro-
priate to expand F˜ (ω), as in the adiabatic limit, where it
could be essentially replaced by the (quadrupolar) tidal
Love number (B.4) as this would be the lowest order in
the expansion with respect to the internal fundamental
frequency scale ω/ωQNMn` as opposed tom1ω. For a black
hole
(2m1ω)
4aBH = − e
iαν −RBHe−iαν
eiα−ν−1 −RBHe−iα−ν−1 (III.19)
such that we can write
K = (2m1ω)
4(a− aBH)(eiα−ν−1 −RBHe−iα−ν−1)
(e−iαν + (2m1ω)4ae−iα−ν−1)TBH
(III.20)
and finally, for m1ω  1, using (III.16) and low fre-
quency expansions for black hole quantities such asRBH,
6 We reproduce only the leading order.
9TBH,7 derived for instance in [65], and reviewed for con-
venience in Appendix A
K = C1(2m1ω)2 3GF˜ (ω)
4m51
+ o(m21ω
2), (III.21)
with C1 a numerical factor. We make the derivation
of (III.21) more explicit in Appendix A and explain
there why we cannot determine the constant C1 a priori.
Essentially, it is due to a regularization dependence in
(III.16). We instead fix the coefficient to be C1 = −1/12
by matching the energy flux to the post-Newtonian ex-
pansion. In conclusion, at least in the limit m1ω  1,
the near-zone characterization of the object through K
is straightforwardly related to the effective field theory
description using F˜ (ω).
C. Enhanced GW flux at resonance
We will now describe how there is also an increase in
gravitational wave flux at resonance. This is in particu-
lar what was studied in [39] and found there to give rise
to an “unobservable high-frequency glitch". We stress
that this is not the same as looking for a phase shift
like (II.18), which does not try to directly measure the
variation in gravitational waves. Rather it considers the
impact on the orbit and the indirect change in GW phas-
ing associated to this. The same authors also consider
the impact of a phase shift in the gravitational wave sig-
nal, but only due to the additional energy lost through
this enhanced gravitational wave flux during resonance.
However, this is not the same as the total energy lost
from the orbit at resonance. Even in the simple exam-
ple of [39] where no energy is absorbed by the ECO itself,
such that eventually all energy in the excitation must be
dissipated through gravitational waves. The reason is
that this dissipation does not happen instantly at res-
onance. In fact, the more sharply peaked the resonant
7 Note that a−aBH can be replaced by F˜−F˜BH in a low frequency
expansion according to (III.16) and, in the same expansion, F˜BH
could be replaced by the associated adiabatic tidal deformability
since there for the black hole ωQNMn` m1 ∼ 1. Now the tidal Love
number of the black hole vanishes leaving a proportionality with
F˜ .
frequency, the longer it will take for all this absorbed
energy to be radiated. It is therefore more appropriate
to consider how much energy goes into the excited mode
at resonance, as was done in section II, as opposed to
how much of this is immediately radiated at resonance.
Nevertheless, the present formalism allows for a perspic-
uous description of the peak in gravitational wave flux
such that we shall take a moment to describe it.
In an extreme mass ratio limit q  1, the source
T`m(ω, r) in (III.1) can be constructed from the stress-
energy tensor of an orbiting point-particle m2. If this
companion is on a circular orbit with angular frequency
φ˙, the total gravitational wave luminosity is given by 8
E˙∞ =
∑
`m
4(mφ˙)2
pi
|Z∞BH|2
∣∣∣∣1 +KZHBHZ∞BH
∣∣∣∣2 . (III.22)
Consider the normalized difference of E˙∞ with respect
to the expression for a black hole around a particular
QNM frequency ωQNMn` for a certain (`,m) mode
δE˙∞
E˙∞BH
=
∣∣∣∣∣ Amφ˙− ωQNMn`
∣∣∣∣∣
2
+ 2 Re
(
A
mφ˙− ωQNMn`
)
,
(III.23a)
with
A =
[
(ω − ωQNMn` )K
ZHBH
Z∞BH
]
ω=ωQNMn`
. (III.23b)
The form of (III.23) consists of a typical Breit-Wigner
peak with an additional interference term. A represen-
tative example of this form is shown in figure 1. The
result is not surprising and it has been observed in par-
ticular cases [38, 40, 53]. The given example highlights
8 This is normally expressed in terms of the analogues of (III.10)
and (III.12) starting from the Bardeen-Press-Teukolsky equa-
tion [66, 67] which is more convenient in this setup. Neverthe-
less, treating T`m carefully, one should also be able to find them
from (III.10) and (III.12) using the Chandrasekhar transforma-
tion [68] and we do so to avoid introducing unnecessary new
notation.
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that often in these resonances there seems to be a large
contribution from the asymmetric interference term in
(III.23). It should be noted that although we have dis-
cussed a resonance in the radiated energy, there is also an
interesting conservative resonant response in the back-
reaction on the orbit [69]. Moreover, once the full self-
force, including the conservative piece, is known for the
black hole, it is evident that one can simply add to this
the force associated to the (homogeneous) last term in
(III.6), which requires no additional regularization [70].
We shall not pursue this point further here.
To intuitively understand this enhanced gravitational
wave flux better, let us connect this general extreme-
mass ratio formula to its post-Newtonian limit. Using
standard low frequency φ˙m1  1 expansions for the
black hole quantities, as can be found for instance in
[65],9 in addition to (III.16), one finds that the energy
flux (III.22) can be expressed in this limit as
E˙∞ =
∑
`=2
m=±2
4(mφ˙)2
pi
|Z∞BH|2
∣∣∣∣∣1 + (m1φ˙)10/3 3GF˜ (mφ˙)2m51
∣∣∣∣∣
2
.
(III.24)
Expanding this result further 10, one finds
E˙∞ = −32
5
(
m2
m1
)2 (
m1φ˙
)10/3
×
[
E˙∞BH
E˙N
+ 3
Re(F˜ (2φ˙))
m51
(
m1φ˙
)10/3]
,
(III.25)
where we have made explicit only the leading order F˜
contribution, despite the existence of many additional
terms leading with respect this. These, denoted by E˙∞BH
where E˙∞BH(ωm1 → 0)→ E˙N , would however, simply be
the black hole result which are known to very high order,
see [71], for a review. (III.25) can be readily compared
to the post-Newtonian expression of GW luminosity for
a binary including effects of tidal deformability by using
9 Note also that this reference uses essentially the same technique
that is used by [39].
10 Assuming one is not too close to resonance as to avoid sublead-
ing terms including F˜ (mφ˙) to become significant.
(II.15) in the adiabatic limit
E˙∞ = −32
5
(
m2
m1
)2 (
m1φ˙
)10/3
×
[
E˙∞BH
E˙N
+ 3
µ2
m51
(
m1φ˙
)10/3]
,
(III.26)
For instance, with ν = m1m2(m1+m2)2 and M = m1 +m2 [45]
E˙ = −32
5
ν2
(
Mφ˙
)10/3
(III.27)
×
[
E˙∞BH
E˙N
+ 3
m1 + 3m2
m1
µ2
M5
(
Mφ˙
)10/3
+ 1↔ 2
]
.
Aside from the fact that (III.25) is valid only as q  1,
the difference is that (III.25) still captures some of the
dynamic aspects of the tidal deformability. It suggests a
way of resumming dynamic tidal interactions in a post-
Newtonian expansion and resonates well with the intro-
duction of an effective tidal Love number in [58]. In
that paper, µ2 was replaced by an effective-Love num-
ber function in order to efficiently capture dynamic tidal
effects in an effective-one-body approach
µ2 → µeff = −EabQ
ab
EcdEcd
, (III.28)
similar to the response function in (II.14). It would be
interesting to investigate how this works out precisely
but we shall not pursue this further here.
We can again observe from (III.25) that the enhanced
gravitational wave flux at resonance, as expected, is
simply because the deformed object has a varying
quadrupole moment itself which also contributes to the
emitted gravitational waves. This result was derived for
a fixed circular orbit. It does not allow us to conclude
that, with an evolving orbit, this deformation would sim-
ply disappear as the resonance is past. Therefore, it
would be incorrect to conclude that all the energy lost
to the orbit was simply the additional flux during res-
onance. Instead, off-resonance, the excited mode will
continue to ring down. In itself, this will be too weak
to observe directly but in the total energy that was lost
to the orbit when the associated energy was transferred
to the mode, a measurable phase shift might have been
induced into the waveform. This is what we will inves-
tigate now.
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(a) An example of a resonance in the energy of
gravitational waves with respect to black holes
(blue, full) as compared to the approximation at
resonance (III.23) (black, dashed).
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(b) The Breit-Wigner peak contribution to that
same resonance. Remark that, as in this case,
the interference term can dominate strongly over
this peak.
Figure 1: Enhanced graviational wave flux because of a resonance.
IV DETECTABILITY
To at least get an order of magnitude estimate on the
detectability, we will perform a Fisher analysis pinned
down to a particular ECO model. The ECO model is
the simplest reflecting shell model which serves our illus-
trative purposes although a similar analysis on different
models might also be performed.
A. The model
The reflecting shell model is decisively simple, but
it nevertheless captures the physics of horizon absence.
Phenomenologically, this absence inevitably introduces
a certain amount of reflection of incoming waves within
the light ring. The simplest model that captures this, is
a purely reflecting surface put at a Schwarzschild coor-
dinate r0 = 2m1(1 + ) where  is a small dimensionless
parameter and m1 the mass of the object. The proper
distance from the Schwarzschild radius r = 2m1 to the
reflective surface at r0 in the small  limit is given by
δ = 4m1
1/2 +O(3/2) (IV.1)
The parameter  ranges from min ≈ 10−80 where δ is
about one Planck length to max ≈ 0.0165 where the
object has a clean photonsphere [72]. However, in prac-
tice our upper limit will be max ≈ 10−5. This will be
explained below.
On the level of the wave equation, the surface can be
treated effectively by using reflective boundary condi-
tions at r0 and the QNMs in the  → 0 limit, valid in
our  range, have been analyzed by Cardoso et al. [39]
m1ω
QNM
n` =
npi
2| log | −
i
m1| log |2`+3
×
[
(2npi)`+1Γ(`+ 1)Γ(`− 1)Γ(l + 3)
4Γ(2`+ 1)Γ(2`+ 2)
]2
.
(IV.2)
Furthermore, it is also shown that the Love numbers
of those objects in the  → 0 limit take the following
approximate form [43]
k` ≈ 1
a` + b` log 
, (IV.3)
where a`, b` depend on the multipolar index `. Note that
  1, the Love numbers are negative. For instance,
for quadrupolar deformations for our shell model, it has
been found that a2 = 35/8 and b2 = 15/8. Using this ap-
proximation, the phase shift (II.18a) is fully determined
by the location of the surface , the mass ratio q and
the multipolar indices (`,m). In particular, the mass
dependence scales to leading order in | log | as
∆Φ ∝ q−1(1 + q) 13 (2`−1)| log |− 43 `+ 53 . (IV.4)
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where the proportionality constant, which only depends
on (`,m), is about 0.4 for quadrupolar waves and in-
creases slightly with `. From (IV.4), it immediately
follows that for small mass ratios, the phase shift is
inversely proportional to the mass ratio and the -
dependence is such that higher order `-modes are at least
suppressed by factors of | log | 43 . In particular for our
upper limit max ≈ 10−5, it can be computed that higher
order `-modes are generically suppressed by at least two
orders of magnitude
∆Φ(`+ 1)
∆Φ(`)
. 10−2. (IV.5)
This makes that the largest phase shift comes from
quadrupolar excitations, by (IV.4) it can be seen that
the phase shift itself has a very weak -dependence. In
particular, when  runs from Planck scale ( ∼ 10−80) to
roughly  ∼ 10−5, the phase shift only changes by two
orders of magnitude.
B. Criteria for detectability
In order to detect the phase shift, the following four
criteria should be fulfilled:
(a) Resonant excitation should take place at a fre-
quency lower than that at the moment of merger,
(b) The resonant frequency should lie within the de-
tector band,
(c) The value of the phase shift should be resolvable
by the detector,
(d) The measurement error on ∆Φ should be smaller
than ∆Φ itself.
The first condition is purely the statement of the reso-
nant effect happens at all, the other are detector depen-
dent statements. The first condition puts a restriction
on  in terms of the mass ratio. In particular if one
estimates that the plunge initiates at an orbital separa-
tion of roughly r = 6(m1 + m2), then the requirement
that the orbital resonant frequency is smaller than the
merging frequency translates to
q <
2
63/2
| log | − 1 (IV.6)
This also puts the constraint that  . 6 × 10−4 corre-
sponding to q = 0. The second condition requires  to
be constrained by
1
2pim1fmax
< | log | < 1
2pim1fmin
(IV.7)
or reinstating factors of GN , c and plugging in the de-
tector band (fmin = 1Hz, fmax = 104 Hz) of the Einstein
Telescope:
10−1
(
30M
m1
)
. | log | . 103
(
30M
m1
)
(IV.8)
Using the constraint set by (IV.6), we find that the cen-
tral mass should fit within 3.2 M < m1 < 4300M.
Conversely, this means that the full range of current
ECO models, ranging from | log | < 1 with structure
near the light-ring (cf. boson stars) to Planck-scale
from horizon for which | log | & 2 × 102 can give res-
onances within band for mass ranges accessible with
current ground-based observatories. Note that to reach
such microscopic scales requires m1 to be smaller than
∼ 150M.
The third condition requires ∆Φ to be bigger than the
angular resolution of the detector, which for the third
generation detectors is set at 10−3rad. The expression
for the phase shift (II.18) shows that its absolute value is
greater than angular resolution for all of the values of 
and m1 in their respective bounds, for almost all values
of the mass ratio q . 1.
These conclusions on the conditions (a)-(c) are sum-
marised in Figure 2, which depicts the value of the phase
shift ∆Φ as a function of mass ratio q and ECO radius
r0(), as well as the line at which merger happens. As
can be seen, the phase shifts are within the detector reso-
lution for all values of  depicted (a trend that continues
to Planckian scales), and for mass ratio q sufficiently
smaller than unity.
Finally, the bounds set so far on the central mass m1
and on  can be used to check under what conditions
the fourth condition (d) is met. The methodology used
is that of the Fisher matrix formalism, which allows the
calculation of the variance σ(θ) with which the value
of a parameter θi can be determined from a given sig-
nal, given the sensitivity curve Sh(f) of a detector and
the Fourier transform h˜(f, θ1, . . . , θn) of the theoretical
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Figure 2: Value of the phase shift ∆Φ as a function of the ECO radius r0 = 2m1(1 + ) and mass ratio q. The solid
line corresponds to the merger of the binary system; all points to the left of this line correspond to the resonance
taking place before the merger does. The dashed line corresponds to ∆Φ = 10−3 rad; all points below this line
correspond to a phase shift greater than this value.
prediction of the gravitational wave. This formalism is
extensively used to make predictions for how accurate
(future) detectors will be able to measure observables
θi, . . . , θn.
The formalism states that the Fisher matrix Γij , defined
as
Γij = 4Re
∫ (
∂h˜(f)
∂θi
) (
∂h˜(f)
∂θj
)∗
df
S(f)
, (IV.9)
where S(f) is the power spectral density of the detector
under consideration, leads to the covariance matrix Σij ,
Σij = Γ
−1
ij , (IV.10)
in which each element is the covariance of two observ-
ables θi, θj . In particular, the square root of the diago-
nal elements of the covariance matrix are the standard
deviations σ(θi) of each of the observables θi, and are
therefore a direct measure of the accuracy with which
the detector will be able to determine their values.
In what follows, we apply the Fisher matrix formalism
to calculate the relative errors σ(∆Φ)∆Φ , i.e. the ratio of the
standard deviation of the phase shift and the phase shift
itself, for a range of ECO-models and a range of mass-
ratios of the binary system. The gravitational waveform
h˜(f, θ1, . . . , θn) used is given by
h˜ = Af−7/6 eiΦ (IV.11)
in which the phase Φ is given by (II.3), the phase shift
∆Φ due to the resonance is given by (II.18), and we have
taken Φpp to be the TaylorF2 approximant to 2.5 PN or-
der, as given in [73]. This approximant corresponds to
the two component masses having spin (that are taken
here to be aligned with the orbital angular momentum),
but otherwise being featureless point particles. The re-
sulting spin-orbit coupling and spin-spin coupling, re-
spectively, are taken to account to 2.5 PN and 2 PN
order, respectively. This approximant excludes non-
resonant tidal forces. Those effects have already been
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investigated in [33] and excluding them is not expected
to change the order of magnitude estimations provided
by the Fisher matrix formalism. In the Fisher calcula-
tions to follow, the relative error is calculated for the
coalescence time tc, coalescence phase φc, chirp mass,
dimensionless mass ratio, and the phase shift.
Finally, in order to fix the value for the amplitude
A in (IV.11), in each calculation the binary system is
placed at a distance that corresponds to the Advanced
LIGO detectors network measuring an SNR of 10. The
cut-off frequency of the Fisher matrix calculation is
taken to be the frequency corresponding to the ISCO
of r = 6(m1 +m2).
The calculation is done for Einstein Telescope using the
power spectral density S(f) as given in [74]. A similar
Fisher calculation was performed using the power spec-
tral density of the Advanced LIGO network, but the re-
sults showed that the relative error of the phase shift was
much larger than unity for all phase space considered,
leading to the conclusion that the current generation
detectors are not able to measure the ECO shift. This
result is corroborated by a recent paper [54] in which the
binary black hole systems of GWTC-1 were analysed for
resonances, and none were found. The results below will
therefore focus on the Einstein Telescope.
C. Results
The results are stated in Figure 3 for binary systems
in which the heavier of the two compact objects under-
goes the resonance and is given a fixed mass m1, and
the companion compact object’s mass m2 is varied via
the mass ratio q = m2/m1 of the binary system. This is
done for four different fixed values for the heaver com-
pact object, m1 = 20, 50, 80, 120M. We assume that
only the heavier (m1) of the two components masses can
undergo the resonance.
We take the regions within the contour line of unit rela-
tive error to be measurable by the detector. For the dif-
ferent ECO masses (m1) considered, we find that the re-
gion where the relative error is below unity is well within
the detector’s frequency band, and is also in the region
where the resonance takes place well before the merger.
For all phase space considered, we find that the values
for the phase shift itself are great enough to be picked
up by the detector. Thus, we find that concentrating on
the contour of unit relative error suffices to fulfill all four
of the conditions to detect the phase shift.
These results show that, given a binary system of suf-
ficiently asymmetric masses, ECO resonance shifts can
be detected by the Einstein Telescope for a large vari-
ety of ECO radii, as we find that the relative error of
the phase shift ∆Φ is smaller than unity over many or-
ders of magnitude of . This wide range is expected
based on the expression for the phase shift: it only has
a weak dependence of the phase shift on the value of ,
as it enters our expression for ∆Φ only via logarithmic
terms. Moreover, we find small relative errors exactly
in the parameter range for which the phase shift (IV.4)
is largest, namely for small mass ratios q and relatively
large values of . The range of detectable phase shifts
decreases for higher valuesm1 of the component that un-
dergoes the resonance: for m1 = 20M the phase shift
is detectable for radii such that  > 10−22, whereas for
m1 = 50, 80, 120M, respectively, the exotic compact
objects that could still be distinguished from black holes
through a resonance have  ≈ 10−11, 10−8, 10−6, respec-
tively. At the same time, increasing the massm1 slightly
raises the detectability of mass ratios that are closer to
unity. Given these results, most notably the required
small value for the mass ratio q and the fact that the
companion star is expected to have a massm2 > 1.4M,
candidates of ECOs that could be detected by the Ein-
stein Telescope should have a mass m1 of several tens to
a hundred solar masses.
We have tested the robustness of these results by chang-
ing the values of the dimensionless spins of the binary
system and have found the order of magnitudes of the
relative error to be largely independent of such changes.
We therefore conclude that the results presented are rep-
resentative.
V OUTLOOK
We derived an expression for phase shif in the New-
tonian limit for circular orbits and spinless components
and tested it in a Fisher analysis for the specific model
of a reflecting surface. We believe that the dependence
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(a) Contours of unit relative error σ(∆Φ)
∆Φ
for
different values of the mass
m1 = 20, 50, 80, 120M of the ECO, over a range
of the ECO radius r0 = 2m1(1 + ) and mass
ratio q of the binary system. The regions of
phase space to the right of a unit contour line
corresponds to relative errors less than unity.
(b) Contours of relative error σ(∆Φ)
∆Φ
of values
0.1, 1, 10 for an ECO of mass m1 = 80M, over a
range of the ECO radius r0 = 2m1(1 + ) and
mass ratio q of the binary system. The regions of
phase space to the right of a contour line
corresponds to smaller relative errors than
corresponding to that contour.
Figure 3: Detectability of the phase shift as predicted by the harmonic oscillator model.
on the distance from the horizon and mass ranges for
which the phase shift is significant give a robust order of
magnitude estimate, that is more generally applicable,
and deserves further investigation:
First, the result for the variance of the phase shift
is robust under certain well-motivated changes of wave-
forms. We have performed Fisher matrix calculations for
large aligned component spins and quasi-circular orbits
for an inspiraling object with internal structure (neutron
star wave-form) circling the central ECO and all agree
within the same orders of magnitude. Therefore we be-
lieve our result gives a trustworthy qualitative indication
that a similar phase shift can play a role even for small
mass ratios with eccentric orbits. Nevertheless, based
on our results, it would be particularly interesting to
perform a more detailed analysis for intermediate mass
ratio systems with the potential to be seen by ET. As
the phase shift is largest for small mass ratios, it would
also be very interesting to perform a study of the effects
for EMRI systems with LISA-targeted wave-forms in the
future.
Second, the toy model of purely reflecting boundary
conditions near the horizon allows to have a particular
value of the phase shift depending on a minimum of pa-
rameters, but the method is more generally valid. For
other objects for which the Love numbers and QNMs
scale with redshift z ∼ log  in a similar way as for the
surface k ∼ 1/ log  and Mω ≈ log , we expect a similar
outcome. In general however, the reflection coefficient R
of a compact object will be smaller than unity, and there-
fore the phase shift we derived is an upper bound on the
effect caused by resonant excitation of the fundamental
QNM in those models. It would be interesting to inves-
tigate more general models of compact objects and run
a Fisher analysis including the QNMs and Love numbers
as free parameters, instead of keeping them fixed by the
relation to log . We leave that to future work.
Third, we focused on resonant excitation of the fun-
damental quadrupolar frequency ωn`m = ω022. Other
modes can play a role as well but the value of the phase
shift is maximal for the quadrupole modes ` = 2. Higher
multipoles ` give a smaller contribution to the phase
shift, as was indicated in (IV.5).
The study of overtone numbers through our method
of replacing the overlap integral would involve going be-
yond the low frequency limit, and include besides the
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Love numbers also other tidal constants appearing in
the low-frequency expansion of the linear response. To
do this confidently, it should be quantified how strongly
the low-frequency expansion coefficients are dominated
by the lowest lying modes. In first instance, this means
scrutinizing the assumption we have made that the con-
tribution of higher order modes to the Love number is
negligible, mainly on the argument that this should give
the correct order of magnitude. These are promising
avenues for future investigations.
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A LOW FREQUENCY EXPANSIONS FOR BH PERTURBATIONS
In Section III, we have given the expression (III.21) which relates, in the low frequency limit m1ω  1, a near-
zone characterization of an ECO in terms of K to the EFT characterization in terms of a tidal response function
F˜ (ω). In this appendix we will elucidate the derivation of this result. Our starting point is (III.18). To make this
more explicit we first of all use the appropriate expansions for Bin and Bout from which one can derive, RBH and
TBH. We find these expressions combining
Ain =
(2`)!(2`+ 1)!!
2(`− 2)!(`+ 2)! (
i
2m1ω
)`+1e−i2m1ω(log 4m1ω−τ`−β`)(1− pim1ω +O((m1ω)2)) (A.1)
Aout =
(2`)!(2`+ 1)!!
2(`− 2)!(`+ 2)! (
−i
2m1ω
)`+1e−i2m1ω(− log 4m1ω−τ`+β`)(1− pim1ω +O((m1ω)2)) (A.2)
where
β` =
1
2
(ψ0(`+ 1) + ψ0(`) +
(`− 1)(`+ 3)
`(`+ 1)
) (A.3)
τ` = 2γ + ψ0(`− 1) + ψ0(`+ 3)− 1 (A.4)
from [65] with
Bin = −A¯out (A.5)
Bout = Ain (A.6)
For the reflection and transmission coefficients one then finds
TBH = 2(`− 2)!(`+ 2)!
(2`)!(2`+ 1)!!
(
i
2m1ω
)−`−1ei2m1ω(log 4m1ω−τ`−β`)(1 + pim1ω +O((m1ω)2)) (A.7)
RBH = −e−i4m1ωτ` +O((m1ω)2) (A.8)
To find αν , we use from [57]
αν =
1
2i
ln
AνC,out
AνC,in
(A.9)
with
AνC,in =
1
2
i−ν+i2m1ω−1
∞∑
−∞
−in(4m1ω)−i2m1ωeipi(ν+n2 )aνn
Γ(n− 2im1ω + ν − 1)
Γ(n+ 2im1ω + ν + 3)
(A.10)
AνC,out =
1
2
i−ν+i2m1ω−1
∞∑
−∞
(4m1ω)
−i2m1ωaνn
Γ(n− 2im1ω + ν − 1)
Γ(n+ 2im1ω + ν + 3)
Γ(n− 2im1ω + ν + 1)
Γ(n+ 2im1ω + ν + 1)
(A.11)
Here, the coefficients aνn satisfy the recurrence relation
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ανna
ν
n+1 + β
ν
na
ν
n + γ
ν
na
ν
n−1 = 0 (A.12)
with
ανn = −
i2m1ω(ν + n− 2im1ω − 1)(ν + n− 2im1ω + 1)(ν + n+ 2im1ω − 1)
(ν + n+ 1)(2(ν + n) + 3)
(A.13)
βνn = −`(`+ 1) + (ν + n)(ν + n+ 1) + 2(2m1ω)2 +
((2m1ω)
2 + 4)(2m1ω)
2
(ν + n)(ν + n+ 1)
(A.14)
γνn =
i2m1ω(ν + n− 2im1ω + 2)(ν + n+ 2im1ω)(ν + n+ 2im1ω + 2)
(ν + n)(2(ν + n)− 1) (A.15)
As is also stressed [57], the limit becomes subtle due to poles in the Γ-functions. One finds a different limit
keeping l generic and only setting l → 2 after the expansion compared to starting with l = 2. To get consistent
results, we follow the approach from [57] which is to only let l → 2 after the expansion. It should be noted
however that, in any case, many of the intermediate results in [57], including (III.16), are regularization dependent.
Therefore, it is not entirely surprising that we will find a mismatch in coefficients with the post-Newtonian result
by naively combining these results. It would be interesting to redo the analysis more consistently and explore
how dynamic tidal effects can be resummed in a post-Newtonian expansion but, as this is not our main goal, we
postpone it to future work.
The renormalized angular momentum ν ensures that the minimal solutions aνn for n → ∞ and n → −∞ are
compatible and is given in the low frequency expansion by [57]
ν = `+ (− (`− 2)
2(`+ 2)2
2`(2`− 1)(2`+ 1) −
4
`(`+ 1)
+
(`− 1)2(`+ 3)2
(2`+ 1)(2`+ 2)(2`+ 3)
− 2)(2ωm1)
2
2`+ 1
+O((ωm1)
4) (A.16)
Now from
aν0 = 1
aν1 = −
2iωm1(3 + `)
2
2(1 + `)(1 + 2`)
+O((m1ω)
2)
aν−1 = −
2iωm1(−2 + `)2
2`(1 + 2`)
+O((m1ω)
2) (A.17)
one finds
αν = (−1− `)pi
2
+ 2ωm1 log (4ωm1)− 2m1ωβ` − 20m1ω
3(`− 2) +
m1ω(17 + 10`− 3`2)
3(1 + `)(1 + 2`)
+O((m1ω)
2) (A.18)
We can continue, as [57], by simply dropping the divergent term for ` = 2 as a type of ’minimal subtraction’.
However, even if we expect this might capture the right functional form, it will not give the correct prefactor. In the
main text we therefore leave this constant arbitrary, to be fixed by comparison with a post-Newtonian expansion.
Nevertheless, continuing with the ’minimal subtraction’, for ` = 2
(eiα−ν−1 −RBHe−iα−ν−1) = −4m1ωτ` +O((m1ω)2) (A.19)
and we finally find (III.21)
K ∼ − 385
1284
(2m1ω)
2 3GF˜ (ω)
4m51
(A.20)
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B FROM OVERLAP INTEGRALS TO LOVE NUMBERS
We discuss the relation of the tidal constants to the overlap integrals in the Newtonian limit, adapted from [56].
The multipoles of the mass distribution, now called QˆK` in the STF basis, are no longer independent variables
but are given in terms of the mode amplitudes and overlap integrals as (cf. equation (4.9) in [56])
QˆK` =
∑
n
In`cˆnK` . (B.1)
The effective action constructed in [56] leads to the linear response
Q˜K` = − 1
`!
F˜`(ω)F(∂ˆK`Φ)(ω), (B.2)
where F denotes Fourier transform. Equating those last two expressions for QˆK` and using the solution to the
harmonic oscillator equation (II.5) cˆnK` = fnK`/(ω2n` + 2iγn`ω − ω2) and (II.7), gives the linear response function:
F˜`(ω) =
∑
n
I2n`
ω2n` + 2iγn`ω − ω2
, (B.3)
Note that for the quadrupole ` = 2 such a pole expansion also holds beyond Newtonian limit [56, 57].
The tidal deformability parameters are defined by the low frequency expansion of the response function
F˜`(ω) = λ0 + λ1ω + λ2ω
2 +O(ω3), (B.4)
where λ0 is the tidal deformability related to the (electric) dimensionless tidal Love number k`, λ1 relates to the
damping, λ2 to the response beyond the adiabatic approximation, etc. Note that often the linear response is
restricted to the first coefficient in the above Taylor expansion of the linear response function. However, this is only
valid far away from resonance, when ω  ωn`.
Equating the two expressions (B.3) as a low frequency expansion and (B.4) formally allows to extract the overlap
integrals as functions of the set of Taylor coefficients
λk =
∑
n
I2n`
2ω
2(k+1)
n`
√
ω2n` − γ2n`
[(√
ω2n` − γ2n` − iγn`
)k+1
− (−1)k
(√
ω2n` − γ2n` + iγn`
)k+1]
, (B.5)
in particular, for the lowest Taylor coefficients, we have
λ0 =
∑
n
I2n`
ω2n`
, λ1 = −
∑
n
2iI2n`γn`
ω4n`
, λ2 =
∑
n
I2n`
ω6n`
(
ω2n` − 4γ2n`
)
. (B.6)
The parameter of our interest is the tidal deformability λ0 which relates to the dimensionless tidal Love number11
k` as
λ0 =
2`!
(2`− 1)!!k`m
2`+1
1 (B.7)
11 The Love numbers are normalized with respect to the mass of the object as in [33]. This makes it applicable for objects with-
out a well-defined radius as for instance a boson star.
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As mentioned before, we will restrict to fundamental n = 1 modes on the assumption that the associated overlap
integrals are dominant above the ones with n > 1. This implies that the sum in (B.5) can be truncated to n = 1
only. Given this assumption, the overlap integrals can be expressed in terms of the Love numbers
I1` =
√
2`!
(2`− 1)!!ω`m
`+ 12
1 k`. (B.8)
and response function to lowest order in ω becomes F˜ (ω) = I
2
1`
ω21`
+O(ω) = 2`!(2`−1)!!k`m2`+11 +O(ω).
Using the result (B.8), allows one to rewrite the phase shift (II.13) in terms of the Love numbers, quasi-normal
frequency and masses involved
4Φ = 25piN
2
`m
6144|m| 13 (4`−11) (m1ω`)
4
3 (`−2) |k`|
q(1 + q)
1
3 (2`−1)
, (B.9)
where N`m relates to N`m by N2`m = 2`!N 2`m/(2`− 1)!!.
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